Abstract: We describe a method for projecting holographic optical traps that are extended along arbitrary curves in three dimensions, and whose amplitude and phase profiles are specified independently. This approach can be used to create bright optical traps with knotted optical force fields.
Extended optical traps are structured light fields whose intensity and phase gradients exert forces that confine microscopic objects to one-dimensional curves in three dimensions [1, 2, 3, 4] . Intensity-gradient forces typically are responsible for trapping [5] in the two transverse directions, while radiation pressure directed by phase gradients can move particles along the third [3, 4] . This combination of trapping and driving has been demonstrated dramatically in optical vortexes [6, 7, 8, 9, 10] , ring-like optical traps that are created by focusing helical modes of light. Intensity gradients draw illuminated objects toward the ring, and phase gradients then drive them around [3, 7, 8, 11] . More recently, holographic methods have been introduced to design and project more general optical traps that are extended along lines [1] , rings [2] and helices [4] , with intensity and phase profiles independently specified along their lengths. Unlike optical vortexes, these traps feature nearly ideal axial intensity gradients because they are specifically designed to achieve diffraction-limited focusing [1, 2, 3, 4] .
Here, we describe a method for designing and projecting optical traps whose intensity maxima trace out more general curves in three dimensions with independently specified phase and amplitude profiles. Within limitations set by Maxwell's equations, these three-dimensional light fields can be used to trap and move microscopic objects. We demonstrate the technique by projecting diffraction-limited holographic ring traps with arbitrary orientations in three dimensions.
More specifically, our goal is to project a beam of light that comes to a focus along a curve R 0 (s) = (x 0 (s), y 0 (s), z 0 (s)), parametrized by its arc length s, along which the amplitude a 0 (s) and phase ϕ 0 (s) also are specified. The three-dimensional light field u( r, z) embodying this extended optical trap is projected by a lens of focal length f , and so passes through the lens' focal plane where its value is u f ( r, 0) = u f ( r). Associated with u f ( r) is the conjugate field u h ( r) in the back focal plane of the lens, over which we have control. A hologram that imprints this field onto the wavefronts of an otherwise featureless laser beam will project the desired trapping pattern u( r, z) downstream of the lens, as illustrated in Fig. 1 .
, is characterized by a real-valued amplitude a h ( ρ) and phase ϕ h ( ρ) both of which vary with position ρ = (ξ , η) in the back focal plane. It is related to the projected field, u f ( r), by a Fresnel transform [12] 
where k = 2πn m /λ is the wavenumber of light of vacuum wavelength λ in a medium of refractive index n m , and where Ω is the effective aperture of the optical train. In the limit that the aperture is large, u h ( ρ) is related to the Fourier transform,ũ f ( q), of u f ( r) by
with q = k ρ/ f . For extended traps that lie entirely within the focal plane, the projected field may be approximated by an infinitessimally fine thread of light (2) then yields a hologram associated with this idealized design. The projected field comes to a focus of finite width because Eq. (2) naturally incorporates contributions from self-diffraction.
Extending this to more general three-dimensional curves poses challenges that have been incompletely addressed in previous studies [4] . The field u( r, z) at height z above the focal plane is related to the field in the focal plane by the Rayleigh-Sommerfeld diffraction integral [12] , which is expressed conveniently with the Fourier convolution theorem as
where
is the Fourier transform of the Rayleigh-Sommerfeld propagator [13] . Ideally, u f ( r) would be associated with a three-dimensional field u( r, z) that satisfies u( r 0 (s), z 0 (s)) = a(s) exp (iϕ(s)). Equation (3), however, is not simply invertible unless u( r, z) is completely specified on a single plane, z. In the absence of such a comprehensive description, we introduce the approximatioñ
that arises from simple superposition of contributions from each element of the curve. Equation (5) is not an inversion of Eq. (3) because it neglects light propagating from one region of R 0 (s) interfering with light elsewhere along the curve. In this sense, it resembles the "gratings and lenses" algorithm developed for projecting point-like optical traps [14, 15, 16, 17] , which also fails to account for cross-talk. The Rayleigh-Sommerfeld propagator improves upon the simpler parabolic phase profiles used for axial displacements in these earlier studies. As an application of Eq. (5), we create a uniformly bright ring trap [2] of radius R, rotated by angle β about theŷ axis. The trap's focus follows the curve
with the arc length ranging from s = 0 to s = 2πR. Equations (2) and (5) then yield the hologram
up to arbitrary phase factors, where J 0 (.) is the Bessel function of the first kind of order zero and A( ρ) satisfies
This reduces to
when β = 0, which is the previously reported result for a holographic ring trap aligned with the focal plane [2] . Figure 2 (a) is a volumetric reconstruction [18] of the three-dimensional intensity distribution projected by the hologram in Eq. (7) of a ring trap of radius R = 9 µm tilted at β = π/4 rad. This complex-valued hologram was approximated with a phase-only hologram using the shape-phase algorithm [1] so that it could be projected with a conventional holographic optical trapping system [19] . The light from a diode-pumped solid-state laser (Coherent Verdi, Figure 3 shows a typical bright-field image of 5.17 µm diameter silica spheres dispersed in water and trapped on the inclined ring. A sphere's appearance varies from bright to dark depending on its axial distance from the microscope's focal plane. This dependence can be calibrated to estimate the sphere's axial position [20] . The image in Fig. 3 is consistent with the designed inclination of the ring trap and therefore demonstrates the efficacy of Eqs. (2) and (5) for designing three-dimensionally extended optical traps.
In addition to extending an optical trap's intensity along a three-dimensional curve, Eq. (5) also can be used to specify the extended trap's phase profile. Imposing a uniform phase gradient, ϕ (s) = (s/R), redirects the light's momentum flux to create a uniform phase-gradient force [3] directed along the trap. In the particular case of a ring trap, this additional tangential force may be ascribed to orbital angular momentum in the beam [21] that is independent of the light's state of polarization [22] and makes trapped particles circulate around the ring [2, 3, 11] . This principle can be applied also to inclined ring traps.
Unlike a horizontal ring trap [2] at β = 0, the inclined ring inevitably has phase variations along its circumference, ϕ(s) = kz(s), whose azimuthal gradient ∂ s ϕ(s) = −k sin(s/R) sin β tends to drive trapped objects to the downstream end of the ring [3] . Adding ϕ (s) to this intrinsic phase profile creates a tilted ring trap described by the hologram u h ( ρ) = J (A( ρ)) exp 2πi s R
whose additional circumferential phase gradient that tends to drive particles around the ring. Here, J (.) is the Bessel function of the first kind of order . A particle should circulate contin-
